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Some new constructions for modular Hadamard and Hadamard matrices 
are given. Incidentally, it is shown that the Williamson series of H-matrices can 
also be constructed by using modular Hadamard matrices and resolvable semi- 
regular group divisible designs. 
1. INTRODUCTION 
A square matrix H of order h whose entries are + 1 or - 1 is called a 
“Hadamard matrix” (H-matrix) if the inner product of any two distinct 
rows (or columns) is zero. That is, 
HHT = hI, = H=H, 
where AT is the transpose of A. These matrices are conjectured to exist for 
all the orders h = 1 or 2, or h = 0 (mod 4) (see [4] for further details). 
A “skew-H-matrix” H of order h is an H-matrix such that H = S + I, 
where S is skew-symmetric. Clearly, 
SST = (h - 1) Ih . 
Two matrices M = U + I and N are called “amicable” H-matrices if 
M is skew-H-matrix and N is an H-matrix satisfying 
NT = N and MN= = N=M. 
Two H-matrices M and N are called “special” if 
MN= = -NM=. 
* This research was supported by the financial assistance received from the Depart- 
ment of Atomic Energy, India; Grant No. 22/46/74/G. 
258 
Copyright 0 1976 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
MODULAR HADAMARD MATRICES 259 
Recently, Butson and Marrero [l, 21 have generalized the concept of 
H-matrices to modular Hadamard matrices (MHM’s). A square matrix H 
of order h whose entries are + 1 or - 1 is called “modular Hadamard 
matrix (mod n)” if the inner product of any two distinct rows of H is a 
multiple of some fixed positive integer II. Such a matrix may be designated 
by H(n, h)-matrix. In this notation, an H(n, h)-matrix is an H-matrix if 
and only if n = 0. 
Section 2 gives new constructions of modular Hadamard and Hadamard 
matrices. In particular, the Williamson series of H-matrices is constructed 
as an application of MHM and resolvable semiregular group divisible 
(SRGD) designs. Section 3 is dveoted to the construction of some MHM’s 
using H-matrices as the sum of Kronecker products. 
The following symbols are used throughout. 
Lz an identity matrix of order n; 
Jm,n a matrix of order m by yz having all entries unities; 
AxB Kronecker product of matrices A and B; 
SBIBD@, k, A) symmetrical balanced incomplete block design 
with the parameters v, k, and h; 
m-SPBIBD(v, k; h, , &J symmetrical partially balanced incomplete block 
design with m associate classes and parameters 
v, k, h, , and X, . 
2. CONSTRUCTIONS OF MHM AND H-MATRICES USING MHM’s AND 
RESOLVABLE SRGD DESIGNS 
THEOREM 2.1. If there exist SBIBD(t, k, h) and resolvable SRGD 
designs with the parameters 
v = t2 = b, r = t = k, h, = 0, h, = 1, m = t = n, (2.1) 
then an H(n, t(t + I))-matrix can be constructed, where 
n = g.c.d(t(n, + l), (t - 2k)(t - 2k - l)} (2.2) 
and 
n1 = t - 4(k - X). 
Proof. Let N be the incidence matrix of the SBIBD(v, k, A). Then, 
HI = 2N - Jt,t is an H(n, t)-matrix where n, = t - 4(k - A). In fact, 
HIHIT = 4(k - h) It + n,J,,, . (2.3) 
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Let il4 be the incidence matrix of resolvable SRGD design with the 
parameters (2.1). By permuting rows and columns (if necessary), M may 
be written as 
M = (A&j) (i,j = l)...) t), 
where each submatrix Mij is of order t and has exactly one unity in each 
row and column. This is possible since A4 satisfies 
MMT = tit x It + (Jt,$ - It) x Jt,t = M=M. 
Construct the matrix 
H” = (Hij) (i,j = l)...) t), (2.4) 
where Hij is obtained from Mii as follows. 
If the (01, Qth entry in Mij is unity, replace row u of Mij by row p of Hl . 
Then 
and (2.5) 




HHT = i 
-H*H*= + HlHlT x J H*(-HI= x Jt.11 + V-G x Jt,d Jt,t 
(Hl x Jlst) H*= + J&yH= x Jl,t) fbfCT x tJ1.1 + tJt,t 1 - 
Now, using (2.3)-(2.5), one can verify that H is required H(n, t(t + l))- 
matrix, where y1 is given by (2.2). 
We note that, since a resolvable SRGD design with parameters (2.1) 
exists whenever t is a prime power, an H(n, t(t + I))-matrix, with n as 
in (2.2), can be constructed for every SBIBD(t, k, A). 
Hadamard designs with the parameters (4s - 1, 2S - 1, S - 1) are 
constructed whenever 4s - 1 is a prime power. Hence, 
COROLLARY 2.2 (Williamson [5]). An H-matrix of order t(t + 1) can 
always be constructed whenever t = 3 (mod 4) is a prime power. 
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It is evident that no other series of SBIBD’s yields H-matrices from the 
w(n, t(t + 1))-matrix. Corollary 2.2 was first proved for t = 3 (mod 4) 
a prime by Scarpis [3]. 
COROLLARY 2.3. The series of Hadamard designs with the parameters 
( 16S2 - 4S - 1,2S(4S - l), S(4S - 1)) can always be constructed when- 
ever 4s - 1 is a prime power. 
Theorem 2.1 can be generalized by constructing H* from m-SPBIBD 
and HI from n-SPBIBD, provided both PBIBD’s have v symbols. In 
particular, when m = 1 and n = 2, we have 
THEOREM 2.4. The existence ofSBIBD(v, k, A), 2-SPBIBD(v, k’; X, , h,) 
and a resolvable SRGD design with the parameters (2.1) implies the existence 
of an H(n, v(v + I))-matrix, where 
n = g.c.d{v(n, + l), v2 - 4(k - h)(v - 1) $ v - 4(k’ - h,), 
v2 - 4(k - X)(v - 1) + 4(k’ - X2), 
(v - 2k’)(v - 2k $ l), (v - 4(k’ - A,) + l)u, 
(v - 4(k’ - X2) + 1)~). 
The matrix H* given by (2.4) is a square matrix of order t2 with entries 
+l or -1. Hence, 
THEOREM 2.5. An H(n, t2)-matrix can always be constructed whenever t 
is a prime power, where 
n = g.c.d{tn, , t2 - 4(k - @(t - 1)). 
3. CONSTRUCTION OF MHM AND H-MATRICES USING H-MATRICES AS 
THE SUM OF KRONECKER PRODUCTS 
THEOREM 3.1. From a 2-SPBIBD (v, k; h, , h,) an H(n, vt)-matrix can 
be constructed, where 
n = g.c.d{vt - 4(k - h,), vt - 4(k - X2), vt - 4(v - k)}, 
andt 3 1. 
Proof. Let N be the incidence matrix of the 2-SPBHBD. Then 
HI = 2N - J,,, is an H(n, , v)-matrix with 
n, = g.c.d(v - 4(k - h,), v - 4(k - h,)}. 
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Further, 
Now, define 
Jv,,H, = Ok - 4 Jo,, = KJ,,, . 
Then, 
H = It x HI + (Jt,t - 4) x Jw . 
HHT = I, x HIHIT + v(J,,, - It)” x J,,, 
t (Jt,t - 4) x W,Jw + JwAI. 
Since H has exactly three types of inner products, namely, vt - 4(k - X,), 
vt - 4(k - h,), and vt - 4(v - k), the theorem follows. 
As a special case of Theorem 3.1 we have 
COROLLARY 3.2. From an SBIBD (v, k, X), an H(n, vt)-matrix can be 
constructed, where 
n = g.c.d{vt - 4(k - X), vt - 4(v - k)). 
THEOREM 3.3. Let A and B be special H-matrices of order h. Then an 
H(h(t - 2), th)-matrix can be constructed,for every positive integer t. 
Proof. Consider 
Then, 
H = I, x A + (Jt,t - I,) x B. 
HHT = I, x AAT + (Jt,t - pt) x [AB= + BAT] 
+ (Ji,t - Q2 x BBT’ 
= 2hIih + h(t - 2) Jt,t x Ih , 
and the result follows. 
When t = 2, HH* = 2h12%, and we have 
COROLLARY 3.4. An H-matrix of order 2h can be constructed whenever 
special H-matrices of order h exist. 
THEOREM 3.5. Let A, B be amicable H-matrices of order m and C, D 
be special H-matrices of order n. Further, let S be an orthogonal, symmetric 
matrix of order t + 1 with zero diagonal and &l’s elsewhere. Then an 
H-matrix of order mn(t f 1) can be constructed. 
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H = (A x C) x I,,, + (B x D) x s. 
Then from the properties of amicable and special H-matrices we have 
HH= = AA= x CCT x T,,, + BBT x DDT x SST 
= Nr,, 
where N = mn(t + 1), the required result. 
The following theorem can be proved similarly: 
THEOREM 3.6. Let (A, B) and (C, D) be two pairs of amicable (special) 
H-matrices of orders m and n, respectively. Let S be an orthogonal, skew- 
symmetric matrix of order (t + 1) with zero-diagonal and &l’s elsewhere. 
Then, 
H = (A x C) x Itil + (B x D) x S 
is an H-matrix of order mn(t + 1). 
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